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E-mail address: a.j.sadowski@ed.ac.uk (A.J. SadowsThe unsymmetrical discharge of a granular solid from a thin-walled cylindrical metal silo is well known
to be a potential prelude to catastrophic buckling failure. The mechanics of this structure have only been
very slowly unraveled in recent years with the help of powerful nonlinear ﬁnite element analyses. The
associated buckling collapse is now known to be caused by localized axial membrane compression and
occurs under predominantly elastic conditions. However, such high compressive stress concentrations
are also known to produce signiﬁcantly less imperfection sensitivity than uniform compression. For this
reason, the search for an appropriately detrimental imperfection form under eccentric discharge has been
quite a long one.
This study presents and explores a novel form of long-wave imperfection using a superellipse to para-
metrise the entire shell geometry. This imperfection, termed ‘superelliptical ﬂattening’, is judged to be
potentially present in practical silo construction, and is shown to cause signiﬁcant decreases in the non-
linear buckling strength of an imperfect slender silo under eccentric discharge.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Non-symmetric ﬂow of the stored granular solid in thin-walled
metal silos is a well-documented critical design condition and a
major cause of catastrophic buckling failures. The design challenge
presented by this granular solids ﬂow pattern, known as eccentric
discharge, is exacerbated by the difﬁculties in both measuring and
modeling the great range of possible ﬂow patterns (e.g. Jenike,
1967; Hampe, 1991; Rotter, 2001a; Chen et al., 2007), each of
which may have different structural consequences. The present
study is concerned with buckling predictions for slender metal
silos under a speciﬁc ﬂow pattern known as eccentric pipe ﬂow
(Rotter, 2001a; EN 1991-4, 2006) (Fig. 1). There is extensive evi-
dence that this ﬂow pattern has the most damaging effect on the
buckling strength of thin-walled metal silos (Rotter, 1986, 2001b;
Wallner, 2010a,b; Sadowski, 2010; Sadowski and Rotter, 2011a,b,
2012a,b).
In the ﬁrst description of eccentric pipe ﬂow, Jenike (1967) con-
sidered a cross-section through the silo and assumed that only a
limited portion of the stored solid ﬂows during discharge. He as-
sumed a ﬂow zone in the form of a truncated circle of ﬁxed geom-
etry, with the remaining granular solid stationary. This basic
geometrical arrangement, with more freedom in the form of the
circular ﬂowing zone, coupled with the assumption of a parallel-ll rights reserved.
ki).sided ﬂow channel, was used by Rotter (1986) to derive a pair of
differential equations governing the vertical distribution of wall
pressures within the static and ﬂowing solids. A typical prediction
(Fig. 2) shows a signiﬁcantly lower wall pressure within the ﬂow
channel and an increase in wall pressure beyond the reference
Janssen value within the static solid. The pressures vary as a func-
tion of the ﬂow channel radius rc = qR; q 2 [0,1].
A simpliﬁed version of the above analysis is used in the Euro-
pean Standard on Actions on Silos and Tanks EN 1991-4 (2006).
In this simpler version, the pressure in the stationary solid is set
to the reference Janssen value regardless of channel size, and there
is an additional ﬂow channel edge local rise in pressure adjacent to
the ﬂow channel (Fig. 2). The existence of such a rise is based on
experimental observations (e.g. Gale et al., 1986; Nielsen, 1998;
Chen et al., 2007), but the magnitude chosen for EN 1991-4
(2006) appears to exceed any known measurements (Sadowski
and Rotter, 2012b). The formulations both with and without ﬂow
channel edge pressure rises are considered in this study.
2. Related structural studies of slender silos under eccentric
pipe ﬂow
2.1. Stress patterns and critical buckling locations in the perfect shell
Previous structural studies of perfect slender thin-walled metal
silos under the preceding formulation of eccentric pipe ﬂow pres-
sures (Rotter, 1986, 2001b; Sadowski and Rotter, 2011a,b, 2012a,b)
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Fig. 1. Outline circumferential distribution of normal wall pressures in a slender silo under eccentric pipe ﬂow, based on geometry of Rotter (1986).
Fig. 2. Outline meridional distributions of normal wall pressures in a slender silo under eccentric pipe ﬂow.
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and associated buckling behavior (Fig. 3). These studies investi-
gated custom-designed example silos with optimized stepwise-
varying wall thickness distributions, where the bottom of each
strake was critical for buckling under concentric discharge condi-
tions. Any one of the above references can give an appropriate
background to the material presented here, including details of
structural design and ﬁnite element modeling techniques used.
These details are not repeated here to permit more directly useful
new information to be presented.
The above studies identiﬁed two possible critical locations for
localized buckling failure (Fig. 3). The ﬁrst lies across the ﬂow
channel. If the silo wall is of uniform thickness, it is close to the silo
midheight, but if the wall has varying thickness it rises slightly to
the lowest part of an upper wall strake. This location was ﬁrst iden-
tiﬁed by Rotter (1986) as susceptible to the formation of a predom-
inantly elastic buckle due to local high axial compression, and has
since become known as the elastic ‘midheight’ buckling mode. It
has been widely observed in practice. The second location lies nearthe base of the silo near the edge of the ﬂow channel, where an
elastic–plastic ‘base edge’ buckle may potentially form under local
high axial compression. There are, however, no known ﬁeld obser-
vations of it, probably because stationary solid exists here inside
the silo and restrains the wall against buckling (Rotter and Zhang,
1990; Knödel et al., 1995).
2.2. Behavior of the imperfect silo under eccentric pipe ﬂow
The behavior of imperfect slender metal silos under eccentric
pipe ﬂow with the axisymmetric weld depression of Rotter and
Teng (1989) was investigated by Sadowski and Rotter (2011b).
Though the weld depression is widely considered to be probably
the most serious imperfection under uniform axial compression
(e.g. Koiter, 1945, 1963; Hutchinson et al., 1971; Rotter, 2004; Song
et al., 2004), this imperfection form was found to increase the cir-
cumferential bending resistance of the shell, and mostly resulted in
an increase in the buckling resistance of the silo under eccentric
discharge pressures. The only truly deleterious situations were
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Fig. 3. Critical locations under eccentric pipe ﬂow in slender silos (after Sadowski and Rotter, 2011b).
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strengths of silos with different imperfection forms are shown in
Fig. 4 based on previous work by the authors (Sadowski and Rotter,
2011b, 2012a). The beneﬁcial effect may be seen to be very large;
the axisymmetric weld depression suggests an increase in buckling
strength of up to 12 times that of the perfect shell for a mid-sized
ﬂow channel. The buckling strength of the imperfect silo has in
each case been normalized by the corresponding nonlinear buck-
ling strength of the perfect silo. The silos shown in this ﬁgure have
a varying wall thickness distribution and were designed according
to the hand design provisions of EN 1993-1-6 (2007), EN 1993-4-1
(2007). The imperfection amplitudes are thus different in each wall
strake but they all lie in the range 1 6 d/t 6 2, which is consistent
with realistic amplitudes for buckling under meridional compres-
sion (Rotter, 2004).
In a second study, Sadowski and Rotter (2012a) investigated the
effect of eigenmode-afﬁne imperfections on a slender silo under
eccentric discharge and reached a very similar conclusion for
reasons that are explained in detail shortly. These imperfections
included the ﬁrst linear bifurcation eigenmode inward, the ﬁrst lin-
ear bifurcation eigenmode outward and the pre-buckling deformed
shape from a geometrically nonlinear analysis. Corresponding
evaluations (Fig. 4) show that eigenmode-afﬁne imperfection
forms are predominantly beneﬁcial under eccentric discharge,
but the extent to which they affect the buckling strength is very
variable.
The use of the nonlinear pre-buckling deformed shape has been
widely proposed as an imperfection form for cylindrical shellsFig. 4. Illustration of buckling strengths for silos with different imperfection fo(Esslinger and Geier, 1972; Yamaki, 1984; Guggenberger et al.,
2004; Rotter, 2004). The rather interesting reason why this simple
choice fails to achieve the desired purpose in this case deserves
some explanation. As shown in Fig. 4, the geometrically nonlinear
pre-buckling deformations under eccentric discharge were used as
an imperfection form by Sadowski and Rotter (2012a) who found
that the pre-buckling deformations near the ‘midheight’ buckle
(Fig. 5(c)) are substantial and should certainly form part of any
adopted imperfection. However, the outcome of imperfect shell
buckling calculations did not show them to be signiﬁcantly delete-
rious (Fig. 4). Where the silo has a stepped wall with changing
thickness, these deformations also include a signiﬁcant local com-
ponent arising from local bending at the change of wall thickness
above which the ‘midheight’ buckle forms (Fig. 3). This indenta-
tion, due to local axial bending, is ampliﬁed by a very local peak
in the axial membrane compression, causing approximately
axisymmetric waves to develop as the buckling condition is
approached, comparable with the development of waves near a
boundary (Rotter, 1989). When introduced as an imperfection,
these wide but axially short waves lead to an increase in the
circumferential bending stiffness of the deformed shell in a manner
similar to that of the weld depression (Fig. 5(b)) (Sadowski and
Rotter, 2011b). The result is a substantial increase in the buckling
resistance under eccentric discharge. For this reason, it is not viable
to use the nonlinear pre-buckling deformed shape directly as an
imperfection form for conditions where stepped wall construction
leads to such strengthening. In what follows, the crucial geometric
features of the deformed shape (Fig. 6) are isolated andrms under eccentric discharge (after Sadowski and Rotter, 2011b, 2012a).
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Fig. 6. Characteristic pre-buckling deformed shape of a slender silo under eccentric
pipe ﬂow discharge (Rotter, 1986; Sadowski, 2010; Sadowski and Rotter, 2012b).
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Fig. 7. Characteristic meridional and circumferential forms of the radial deviation
of a slender silo under eccentric pipe ﬂow.
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axial bending associated with a change of plate thickness.
The chief conclusion of all these explorations was that either si-
los under this load condition are insensitive to imperfections, since
it is known that imperfection sensitivity is signiﬁcantly decreased
under highly-localized axial compression (Libai and Durban, 1973),
or that the appropriate deleterious imperfection form had not yet
been found.
2.3. Characteristic features of the pre-buckling deformed shape of the
silo
The pre-buckling deformed shape of a slender silo under eccen-
tric pipe ﬂow is shown in Fig. 6. This deformed shape has been
ampliﬁed to allow a better appreciation of its characteristic fea-
tures. The wall of a silo under an axisymmetric normal pressure
deforms uniformly radially outward. However, under eccentric
pipe ﬂow the normal wall pressure exerted by the ﬂow channel
is lower than that exerted by the stationary solid (Figs. 1 and 2),
so the outward deformation of the wall near the ﬂow channel is
smaller than at other parts of the circumference. This pressure
drop thus causes signiﬁcant local circumferential bending, produc-
ing a net inward deformation of the wall at this location. The in-
ward deformation is so great as to cause a signiﬁcant reductionin the shell curvature, which may be loosely described as local ﬂat-
tening of the wall (Rotter, 1986; Sadowski, 2010; Sadowski and
Rotter, 2012b). Since the shell wall is very stiff for circumferential
membrane deformations, the total circumference does not change
signiﬁcantly, and the inward deformation near the ﬂow channel
must be accompanied by an outward deformation near the edge
of the ﬂow channel. The result is both inward circumferential
bending at the ﬂow channel and outward bending at its edges.
Representative meridional and circumferential forms for the
deformed radial shape are characterized in Fig. 7. The meridional
A.J. Sadowski, J. Michael Rotter / International Journal of Solids and Structures 50 (2013) 781–794 785form is typically in a single wave throughout the height, though
this is not symmetrically distributed with respect to the mid-
height. The circumferential pattern may be seen to have three
distinct components: a large primary inward deformation occur-
ring at the ﬂow channel, a smaller primary outward deformation
near the edge of the channel, and an even smaller secondary
inward deformation further around the shell circumference.
Beyond 90 on either side of the centre of the ﬂow channel,
the shell experiences only negligible deviations from the perfect
geometry.
It is well understood that the buckling strength of a curved pa-
nel is reduced if it becomes ﬂattened and its local effective radius
to thickness ratio R/t increases (Rotter, 1985). Further, Sadowski
and Rotter (2012b) showed that this nonlinear ﬂattening phenom-
enon does indeed have a deleterious effect on the buckling
strength of a slender silo under eccentric discharge. A geometric
imperfection form which reproduces this feature of the behavior
is thus likely to be successful in causing consistent decreases in
the predicted buckling strength under eccentric discharge. The
imperfection forms that were widely used in the past (e.g. Yamaki,
1984) chieﬂy failed to achieve this reduction because they do not
relate well to the mechanics of the present load case: their basis
was often the mechanics of signiﬁcantly different load conditions
(e.g. uniform axial compression).3. Introduction to the global imperfection forms used in this
study
In the extensive literature on imperfection sensitivity in shell
buckling, the form of an imperfection has traditionally been de-
ﬁned as a local perturbation superimposed on the perfect shell
(e.g. Koiter, 1945, 1963; Hutchinson et al, 1971; Yamaki, 1984;
Rotter and Teng, 1989). The circumferential and meridional forms
of the imperfection are usually deﬁned by a relation of the form
d = f(z,h), which is then used to perturb the perfect shell geometry
and to generate a local imperfection.
In a break from this tradition, the imperfection forms presented
here deﬁne the geometry of the complete three-dimensional imper-
fect shell directly, though still relating the deviation from the per-
fect shell to a reference imperfection amplitude d0 at some point in
the structure. The global radial coordinate of the imperfect silo
wall r is deﬁned here by r(z,h) with d(z,h) = R  r(z,h) so that
d(z,h) = g(z)f(h), where g(z) and f(h) are, respectively, independent
meridional and circumferential variations. The range is z 2 [0,H]
and h 2 [0,2p], where H is the height of the silo cylinder.
Three different forms of the circumferential component f(h)
were investigated in this study; these are presented in detail
shortly. The meridional component g(z) was in each case assigned
a two-part sinusoidal variation consisting of two sine quarter-
waves meeting at a chosen height z0 (Eq. (1)) (Fig. 8). This
piecewise-continuous meridional form satisﬁes continuity of both
displacement and slope at z0, but not of curvature. This was be-
lieved to be satisfactory for use as an imperfection form, since z0
must usually be chosen close to the silo midheight and the
curvature mismatch may thus be small.
gðzÞ ¼
sin p2
z
z0
 
for z 2 ½0; z0
sin p2
ðHzÞ
ðHz0Þ
 
for z 2 ½z0;H
8><
>: ð1Þ
As illustrated in Fig. 3, the characteristic silo buckling mode
associated with eccentric pipe ﬂow is essentially elastic and occurs
near silo midheight or at the bottom of a thin upper wall strake. In
order to maximize the effectiveness of the imperfection forms pro-
posed in this paper, it is supposed that the base of the strake at
which the ‘midheight’ buckle is predicted to occur from a geomet-rically nonlinear buckling analysis has been identiﬁed, and that this
location is chosen to be z0 in Eq. (1). If a uniform wall is being ana-
lyzed instead, z0 is here proposed as the location of the maximum
deﬂection in a propped cantilever (Sadowski and Rotter, 2011b)
at z  0.58H unless there is good reason to do otherwise. In this
way, g(z) may be adjusted so that the greatest ﬂattening of the shell
occurs close to the locationwhere it is likely to bemost detrimental,
notably near the critical location of the ‘midheight’ buckle.
4. Investigation of an imperfection form with local circular
ﬂattening
4.1. Deﬁnition of the shape of the imperfect shell
A relatively simple geometric representation of local wall ﬂat-
tening was investigated ﬁrst. An arc of the undeformed circular
wall (radius R) adjacent to the ﬂow channel was replaced with
an arc of a circle with a larger radius of curvature R0 > R, thereby
making the wall locally ﬂatter up to a local maximum imperfection
amplitude d0 at a height z0. This effectively omits both the primary
outward and secondary inward radial features seen in Fig. 7, and
includes only the primary inward radial feature. The geometry of
this imperfection form is shown in local Cartesian coordinates in
Fig. 9. A similar imperfection form was used previously in studies
of the buckling of spherical caps under external pressure (e.g.
Blachut et al., 1990; Blachut and Galletly, 1987, 1990). However,
it should be noted that this imperfection form does not contain
the same area of shell surface as the perfect shell, so is not alto-
gether likely to be fabricated from pieces of metal that have been
cut to the correct size.
The limiting value of harc may be chosen here, for example, as a
multiple of the ﬂow channel wall contact angle hc (Fig. 1). The
parameters x0, R0 and h0arc are best computed numerically using
the following compatibility relations:
Rsinharc ¼ R0sinh0arc ð2Þ
x0 þ R cos harc ¼ R0cosh0arc ð3Þ
d0 ¼ x0 þ R R0 ð4Þ
If the arc of the ﬂattened circle is to retain the same sense of
curvature, the following condition should additionally be satisﬁed:
d0 < Rð1 cos harcÞ ð5Þ
The coordinates of the circle with the larger radius of curvature
are given by:
xðhÞ ¼ ðR d0Þ cos h  h
0
arc
harc
 
 x0 and yðhÞ ¼ Rsin h  h
0
arc
harc
 
ð6Þ
The circumferential component of the radial form becomes:
f ðhÞ ¼ R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xðhÞ2 þ yðhÞ2
q
for harc 6 h 6 harc
0 elsewhere
(
ð7Þ
The complete imperfect shell is generated by r(z,h) =
R  g(z)f(h), where g(z) and f(h) are given by Eqs. (1) and (7) respec-
tively. The ﬂattened arc length R0  h0arc is considerably smaller
than the undeformed arc length R  harc, so the imperfect shell
has a signiﬁcantly shorter circumference: as noted above, this is
an unsatisfactory feature which may have an unforeseen inﬂuence
on the behavior.
4.2. Parametric ﬁnite element study of the imperfect shell
The slender stepped wall thickness silo detailed in Sadowski
and Rotter (2012b) was used in this imperfection-sensitivity study.
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Fig. 9. Geometry of a local circular ﬂattening imperfection form at height z0.
Fig. 10. Imperfection sensitivity curves for the local circular ﬂattening imperfection form using Rotter (1986) eccentric discharge pressures with rc = 0.4R.
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1993-1-6 (2007), EN 1993-4-1 (2007) to resist the concentric dis-
charge load case of EN 1991-4 (2006). It has an aspect ratio H/D
of 3 (H = 18 m, R = 3 m), an isotropic steel wall with an elastic mod-
ulus of 200 GPa, a Poisson’s ratio of 0.3 and a thickness distribution
varying in a stepwise manner from 3 to 8 mm. The bottom of each
strake is critical for buckling under concentric discharge and the
design is intentionally insufﬁcient to withstand eccentric discharge
pressures of the type considered here. The elastic ‘midheight’ buck-
ling mode (Fig. 3) was found to occur near the bottom of the thin-
nest 3 mm strake, which is at z0 = 0.66H (Fig. 8).
The example silo was analyzed using the ﬁnite element soft-
ware ABAQUS (2009) subject to the eccentric discharge pressures
of Rotter (1986) (Fig. 1) assuming a relative ﬂow channel size of
rc = 0.4R and imperfection amplitudes in the range d0 2 [0,5t].
The spread of the ﬂattened arc harc was taken as different multiples
of the ﬂow channel wall contact angle hc = 15.1 (computed accord-
ing to EN 1991-4), namely harc = hc, 2hc, 4hc and 90. The resulting
imperfection sensitivity curves, normalized by the nonlinear
buckling strength of the perfect shell, are shown in Fig. 10. This
analysis shows that a local increase in the radius of curvature near
the ﬂow channel does not lead to a strength-reducing imperfection
under eccentric pipe ﬂow discharge. The localized ﬂattened arc
instead evidently has a strengthening effect, which declines as
the spread of the arc increases.5. A novel imperfection form for eccentric pipe ﬂow
5.1. Lamé Curves: the superellipse
It was discovered that the circumferential component of the ra-
dial form of the pre-buckling deformations near the critical region
(Figs. 6 and 7) can be closely approximated by the generalised
equation of the Lamé curve (Lamé, 1818; Gridgeman, 1970), also
known as the ‘superellipse’.
The general formulation of the superellipse in Cartesian coordi-
nates is:
x
a
 q þ y
b
 p ¼ 1 ð8Þ
This may also be expressed parametrically as:xðtÞ ¼ a cos2=q t and yðtÞ ¼ b sin2=p t with rðtÞ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xðtÞ2 þ yðtÞ2
q
ð9Þ
where a, b, p and q are positive real numbers and r(t) is the polar
form of the circumferential coordinate. An illustration of the great
range of different possible shapes which may be obtained using
the superellipse is illustrated in Fig. 11.
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with a central inward deviation
5.2.1. Circumferential form
The ﬁrst proposed shape of the superelliptical imperfection
form incorporates each of the deformation features identiﬁed in
Fig. 7. The wall is allowed to deviate inwards at the ﬂow channel
(centered at h = 0) up to a reference imperfection amplitude d0 at
the desired level of largest wall ﬂattening z0. The wall then deviates
outwards to a peak amplitude nad0 at some coordinate ha, and then
inwards again to an amplitude nbd0 at a further coordinate hb. The
amplitudes of the non-central peak deviations are thus assumed to
be related to the central inward deviation by two coefﬁcients na
and nb which may be optimized to ﬁnd the most deleterious
ﬂattened shape for buckling. The greatest extent of the region of
ﬂattening is 90 on either side of the centre of the ﬂow channel, be-
yond which the shell is assumed to be perfect. The geometry is
summarized in Fig. 12.
It is important to clarify that d0 is a reference imperfection
amplitude for the whole shell, but it need not necessarily deﬁne
the maximum overall deviation as this depends on the choice of
na and nb. If either of these is greater than unity, then a larger
amplitude of imperfection will occur at the locations ha and/or hb.
This choice allows full freedom in deﬁning an extensive range of
ﬂattened wall forms for the imperfect shell. Lastly, these
coefﬁcients should be restricted to naP 0 and nbP 0 to prevent
a reverse in the sense of curvature of the shell which would lead
to signiﬁcantly different behavior.The Cartesian coordinates of the imperfect shell are given by:
xs1ðhÞ ¼ ðR d0Þ cos2=q h and ys1ðhÞ ¼ Rsin2=ph ð10Þ
The polar forms of the radius and slope of the imperfect shell
are thus given by:
rs1ðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xs1ðhÞ2 þ ys1ðhÞ2
q
¼ ðR d0Þ2 cos4=q hþ R2sin4=ph
 1=2
ð11Þ
drs1
dh
ðhÞ ¼ 2 ðR d0Þ2 cos4=q hþ R2sin4=ph
 1=2
 R
2
p
cot hsin4=ph ðR d0Þ
2
q
tan h cos4=q h
" #
ð12Þ
The circumferential component of the radial form of becomes:
fs1ðhÞ ¼
R rs1ðhÞ for p2 6 h 6 p2
0 elsewhere

ð13Þ
The complete imperfect shell is thus generated by r(z,h) =
R  g(z)fs1(h), where g(z) and fs1(h) are given by Eqs. (1) and (13)
respectively. The parameters p, q, ha and hb may be found numeri-
cally by satisfying the four boundary conditions:
rs1ðhaÞ ¼ Rþ nad; rs1ðhbÞ ¼ R nbd; drs1dh ðhaÞ ¼
drs1
dh
ðhbÞ ¼ 0 ð14Þ
788 A.J. Sadowski, J. Michael Rotter / International Journal of Solids and Structures 50 (2013) 781–794If d0 = 0 and p = q = 2, then Eq. (13) naturally generates a perfect
shell. A ﬂattened shape with geometric features similar to those in
Fig. 7 is obtained when p > 2, q < 2 and d0 > 0. The variation of the
powers p and q with d0/t for a typical thin shell with R/t = 1000 is
shown in Fig. 13 for combinations of na and nb equal to 0.1 or 1
(i.e. an order of magnitude apart). It appears that the greater the
relative difference between na and nb, the greater the change in
both p and q from the reference value of 2. Surprisingly, p and q fol-
low an approximately linear relation with d0/t which may allow
them to be obtained easily using a simple empirical equation
rather than the above numerical procedure.
An important consideration is the change in the perimeter of
the imperfect shell with d0/t. The length of the total circumference
is an aspect that is usually strictly controlled during silo construc-
tion, and even if the quality of the welding of wall strakes is poor,
the sum of their lengths is effectively ﬁxed. The arc length of the
imperfect portion of the shell may be obtained by numerical inte-
gration of the following:
ss1 ¼
Z p
2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dxs1
dh
 2
þ dys1
dh
 2s
dh ð15ÞFig. 13. Typical variation of powers p and q with d0/t for t
Fig. 14. Typical variation of the normalized imperfect perimeter witThe variation of the imperfect perimeter normalized by the per-
fect perimeter (2pR) is shown in Fig. 14 as a function of d0/t for na
and nb equal to 0.1 and 1, as above. The change in the full circum-
ference is of the order of 1%–2% for this range of d0/t, which is
arguably possible in practice. In the parametric studies presented
later, it was found that the change in the circumference did not
exceed 5%.5.2.2. Imperfection sensitivity study of the ﬁrst superelliptical
imperfection form under the Rotter (1986) eccentric discharge
pressures
A set of geometrically nonlinear buckling analyses was carried
out on the slender example silo introduced earlier. This silo was
modeled in ABAQUS (2009) as an imperfect shell with the ﬁrst
superelliptical imperfection form subject to the eccentric discharge
pressure model of Rotter (1986), assuming a medium-sized ﬂow
channel rc = 0.4R and reference imperfection amplitudes in the
range d0 2 [0,15t]. The following four combinations of na and nb
were considered: Form A (na,nb) = (1,1) where all deviations are
equal, Form B (na,nb) = (2,1) where the frontal ﬂattening is more
pronounced, Form C (na,nb) = (2, 1=4) where the inward deviationhe ﬁrst superelliptical imperfection form (R/t = 1000).
h d0/t for the ﬁrst superelliptical imperfection form (R/t = 1000).
Fig. 15. Imperfection sensitivity curves for the ﬁrst superelliptical imperfection form under the Rotter (1986) eccentric discharge pressures with rc = 0.4R.
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D (na,nb) = (4,1) where the frontal ﬂattening is even more pro-
nounced. Normalized imperfection sensitivity curves for these four
forms are shown in Fig. 15. The normalization for this and each
subsequent ﬁgure is always with respect to the nonlinear buckling
strength of the perfect shell.
The curve for Form A (na,nb) = (1,1) suggests that this imperfec-
tion form is indeed signiﬁcantly detrimental to the buckling
strength of the silo up to a certain amplitude. Oddly, as d0 increases
beyond 8t the curve suddenly turns and the imperfection produces
a beneﬁcial effect after 13t. It is not yet clear why this abrupt rever-
sal occurs. When the frontal ﬂattening (primary inward radial
feature, Figs 7 and 12) is made more pronounced by increasing
the value of na, an increasingly deleterious effect is obtained at
smaller values of d0/t. For example, for Form B (na = 2) the decrease
in buckling strength is 7.5% at d0 = 3t, but the decrease rises to 20%
for Form D (na = 4). However, although these higher values of na
result in more signiﬁcant buckling strength losses at small ampli-
tudes d0/t, they also produce a sudden turn at lower amplitudes
d0/t values and the subsequent rise is steeper. Indeed, for na = 4
and d0P 8t the strength gains become enormous. Lastly, the sec-
ondary inward radial feature should not be neglected by making
nb too small, as it may be seen in Form C [(na,nb) = (2, 1=4)] where
smaller reductions in the buckling strength are seen at lower
amplitudes than for Form B [(na,nb) = (2,1)].5.2.3. Imperfection sensitivity study of the ﬁrst superelliptical
imperfection form under the EN 1991-4 (2006) codiﬁed eccentric
discharge pressures
It is now evident that local ﬂattening of the silo wall adjacent to
the ﬂow channel may be a suitable imperfection form for one form
of eccentric discharge pressures (Fig. 1). The next exploration
sought to determine whether this imperfection form may also be
suitable when slight changes are made to the circumferential pres-
sure distribution, as in the codiﬁed eccentric discharge pressure
distribution of EN 1991-4 (2006), which includes a large increased
normal pressure patch just outside the ﬂow channel and is argu-
ably more severe on the structure than that of Rotter (1986). The
resulting imperfection sensitivity curves for the three ﬂow channel
sizes recommended in EN 1991-4, rc = 0.25R, 0.4R and 0.6R, are
summarized in Fig. 16 assuming reference imperfection ampli-
tudes d0 2 [0,5t] and the ﬂattened shape coefﬁcients of Form D
(na,nb) = (4,1).The imperfection sensitivity curves in Fig. 16 suggest that this
superelliptical ﬂattening imperfection form may be similarly dele-
terious to the buckling strength of a silo under this alternative and
more punishing formulation of eccentric discharge pressures. For
rc = 0.4R and 0.6R, this imperfection form is predicted to lead to
non-trivial reductions in the buckling strength for values of d0/t
up to about 3.2 and 4.4 respectively. However, beyond these ampli-
tudes there is once again a sudden and steep reduction in imper-
fection sensitivity, as in Fig. 15.
For the smallest channel size of rc = 0.25R, this imperfection is
predicted to become beneﬁcial at all amplitudes. In a previous
study, Sadowski and Rotter (2011b) found that the characteristic
slender silo structural behavior under EN 1991-4 eccentric dis-
charge pressures (Fig. 3) does not develop when the ﬂow channel
is smaller than about rc = 0.3R. Crucially, the deformed shape of
the silo wall under the action of a small ﬂow channel does not
resemble the characteristic shape illustrated Figs. 6 and 7 and thus
the present superelliptical ﬂattening form has no physical basis to
act as an effective imperfection.
5.3. Second proposed form of the imperfection - Superelliptical
ﬂattening with no central inward deviation
5.3.1. Circumferential form
The second proposed shape for a superelliptical imperfection
incorporated only the primary outward and secondary inward ra-
dial features identiﬁed in Fig. 7. It is assumed that there is no in-
ward deviation of the shell wall at the centre of the ﬂow channel
at h = 0. This choice was made in order to obtain a broader picture
of the effect of different ﬂattened shapes on the behavior of imper-
fect slender silos under eccentric discharge. The ﬂattened shape of
the wall thus consists of an outward deviation at ha > 0 near the
edge of the ﬂow channel to an amplitude d0 and an inward devia-
tion of the shell further around the circumference to an amplitude
md0 at hb > ha. The amplitude of the inward feature is assumed to be
related to the reference amplitude d0 by a coefﬁcient m which con-
trols the extent of the ﬂattening. The previous discussion on the
possible choices of na and nb for the ﬁrst superelliptical form may
be extended to m. The geometry is summarized in Fig. 17.
The Cartesian coordinates of the imperfect shell are given by:
xs2 ¼ R cos2=q h and ys2 ¼ Rsin2=ph ð16Þ
The polar forms of the radius and slope of the imperfection shell
are:
Fig. 16. Imperfection sensitivity curves for the ﬁrst superelliptical imperfection form under the EN 1991-4 (2006) codiﬁed eccentric discharge pressures.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xs2ðhÞ2 þ ys2ðhÞ2
q
¼ Rðcos4=q hþ sin4=phÞ1=2 ð17Þdrs2
dh
ðhÞ¼2R cos4=q hþ sin4=ph
 1=2 1
p
cothsin4=ph1
q
tanhcos4=q h
	 

ð18Þ
The circumferential component of the radial form of this
imperfection is thus:
fs2ðhÞ ¼
R rs2ðhÞ for p2 6 h 6 p2
0 elsewhere

ð19Þ
As before, the complete imperfect shell may be generated by
r(z,h) = R  g(z)fs2(h), where g(z) and fs2(h) are given by Eqs. (1)
and (19) respectively. The parameters p, q, ha and hb may similarly
be found numerically to satisfy the four boundary conditions:
rs2ðhaÞ ¼ Rþ d; rs2ðhbÞ ¼ Rmd; drs2dh ðhaÞ ¼
drs2
dh
ðhbÞ ¼ 0; ð20Þ
The desired ﬂattened shape is obtained when p > 2, q < 2 and
d0 > 0, with d0 = 0 and p = q = 2 generating a perfect shell. The var-
iation of the powers p and q with d0/t follows a nearly linear rela-
tionship similar to that for the ﬁrst superelliptical imperfection
form (Fig. 13). The imperfect perimeter length may similarly beR
R δ0
mδ0
θa
θb
x
y θ
R 
R + δ0
R − mδ0
Radial 
imperfe
Fig. 17. Geometry of the second superellicalculated using Eq. (16), with subscripts s2 instead of s1. This eval-
uation suggests a length change below 1%, varying almost linearly
with both m and d0/t (cf. Fig. 13).5.3.2. Imperfection sensitivity study of the second superelliptical
imperfection form under the Rotter (1986) eccentric discharge
pressures
The effect of this imperfection form on the buckling strength of
the example slender silo was explored next. A series of nonlinear
elastic buckling analyses were again performed on this silo with
ABAQUS (2009) assuming the eccentric discharge pressures of Rot-
ter (1986) with rc = 0.25R, 0.4R and 0.6R. Imperfection amplitudes
were taken in the range d0 2 [0,10t] for rc = 0.25R and d0 2 [0,20t]
for the larger ﬂow channels. These values certainly cause rather
large deviations of the wall from that of a perfect shell, but such
high deviations can occur over the longer perimeter lengths seen
here, in accordance with the different imperfection measuring sys-
tem commonly used (EN 1993-1-6, 2007). Values for the coefﬁ-
cient m were taken as 0.5, 1 and 2 to determine the effect of
varying the degree of wall ﬂattening. The resulting imperfection
sensitivity curves are shown in Figs 18–20.
This imperfection form causes consistent decreases in the pre-
dicted nonlinear buckling strength for all three ﬂow channel sizes
for amplitudes up to at least d0/t = 10. Beyond a certain value of d0/
t, the buckling strength rises again in a similar manner to the ﬁrst½π
θ
θa θb
mδ0
δ
coordinate of the 
ct shell, rs2(θ)
Centre of the flow channel is here. 
Outward 
Inward 
ptical imperfection form at height z0.
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occurs reduces as the coefﬁcientm is increased, but the subsequent
rise is less steep and abrupt. A value of mP 1 is therefore suitable
for studies of this imperfection form.
5.3.3. Imperfection sensitivity study of the second superelliptical
imperfection form under the EN 1991-4 (2006) codiﬁed eccentric
discharge pressures
The second formulation of the imperfection form was ﬁnally
analyzed under the ofﬁcial codiﬁed eccentric discharge pressures
of EN 1991-4 (2006), assuming once again rc = 0.25R, 0.4R and
0.6R. A single value of m = 2 was adopted, based on the preceding
analyses, since mP 1 was found to cause greater decreases in the
buckling strength. The results are summarized in Fig. 21.
In the analysis of the ﬁrst formulation (Fig. 16), the buckling
strength for the smallest ﬂow channel with rc = 0.25R was found
to increase with d0/t, which suggested that this imperfection form
is not always effective. The second variant of superelliptical ﬂat-
tening shows no such beneﬁcial effect, nor is there any apparent
sudden change in the buckling behavior in the range d0 2 [0,5t].
On this basis, the superelliptical imperfection form with no pri-
mary inward feature at the centre of the ﬂow channel may be pro-
posed as the best for the analysis of metal silos under eccentric
discharge.
5.3.4. Imperfection sensitivity study of the second superelliptical
imperfection form under the EN 1991-4 (2006) codiﬁed eccentric
discharge pressures on a very slender silo geometry
A further veriﬁcation was undertaken to determine whether the
deleterious effect of the second superelliptical imperfection form
persisted for a thin-walled silo with an aspect ratio higher than
H/D = 3. Eccentric pipe ﬂow is only realistic for slender geometries
(Rotter, 2001; Zhong et al., 2001; EN 1991-4, 2006), and as the
superelliptical imperfection forms were devised with this ﬂow pat-
tern in mind, they are only proposed here for use in slender silos
(H/D > 2).
A very slender silo with an aspect ratio H/D = 5.2 (H = 26 m,R =
2.5 m) with a stepwise varying wall thickness of 3 to 9 mm was
used for this veriﬁcation. It was designed in the same manner as
the H/D = 3 silo used above, and further details may be found in
Sadowski and Rotter (2012a). This very slender silo was analyzed
under the codiﬁed eccentric discharge pressures EN 1991-4
(2006) assuming again rc = 0.25R, 0.4R and 0.6R and the second
superelliptical imperfection form with m = 2 with amplitudes inFig. 18. Imperfection sensitivity curves for the second superelliptical imperfectionthe range d0 2 [0,4t] (Fig. 22). The results conﬁrm that this imper-
fection form does indeed cause signiﬁcant strength losses in a silo
with a very high aspect ratio. At d0 = 2t the reduction in buckling
strength is 27% and 13% for rc = 0.4R and 0.6R respectively, com-
pared with only 8% and 3% respectively for the silo with H/D = 3
(Fig. 21). This result indicates that this imperfection form becomes
more damaging as the silo slenderness increases.
The imperfection sensitivity curve (Fig. 22) for the smallest
channel with rc = 0.25R is slightly unusual in that a reversal in
slope occurs at approximately d0 = 2t. The reason for this is again
that the chosen ﬂow channel is too small to induce the global pat-
tern of membrane stresses characteristic of eccentric pipe ﬂow. As
a result the superelliptical imperfection form no longer exagger-
ates the deformations caused by the loading (see discussion on
Fig. 16 and Sadowski and Rotter, 2011b).
However, for design purposes the second superelliptical imper-
fection may still be considered damaging for rc = 0.25R because
although the relationship becomes beneﬁcial when d0 > 2t. This va-
lue is below the EN 1993-1-6 Section 8.7 design amplitude for
meridional compression of 2.887t (in a strict interpretation of the
standard), but the standard requires (Clause 8.7.2(20)) that the
analyst veriﬁes that an imperfection with amplitude 10% smaller
does not produce a lower load factor than the value at full design
amplitude. Where this is found to be the case, the analyst must
adopt an iterative procedure to locate the minimum of the imper-
fection sensitivity curve. Though a very onerous process, in this
case it would lead the analyst to the correct lower strength
assessment.
It is evident from Figs 15–22 that the ‘‘worst’’ or most realistic
unfavorable imperfection forms with their most damaging ampli-
tudes do not reduce the buckling strength below about 60% of
the geometrically nonlinear strength of the perfect shell. This
matches the proposal of Rotter (1986), adopted into the Eurocode
on silos (EN 1993-4-1, 2007) and the ECCS shell buckling recom-
mendations (Schmidt and Rotter, 2008a) and conﬁrmed by Rotter
et al. (2011), that local peaks of axial compression should be de-
signed for systematically higher buckling strengths. The question
of what imperfection form and amplitude should be adopted for
such a computational assessment is complicated and beyond the
scope of this paper, but extended discussions may be found in Rot-
ter (2004) and Schmidt and Rotter (2008b). This paper has con-
ﬁrmed that a search for the most realistic unfavorable
imperfection under load conditions of this kind is very challenging,
so design rules should probably be based on calculations relatingform under the Rotter (1986) eccentric discharge pressures with rc = 0.25R.
Fig. 19. Imperfection sensitivity curves for the second superelliptical imperfection form under the Rotter (1986) eccentric discharge pressures with rc = 0.4R.
Fig. 20. Imperfection sensitivity curves for the second superelliptical imperfection form under the Rotter (1986) eccentric discharge pressures with rc = 0.6R.
Fig. 21. Imperfection sensitivity curves for the second superelliptical imperfection form under the EN 1991-4 (2006) codiﬁed eccentric discharge pressures.
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Fig. 22. Imperfection sensitivity curves for the second superelliptical imperfection form under the EN 1991-4 (2006) codiﬁed eccentric discharge pressures on a very slender
silo.
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phenomena.
6. Conclusions
This paper has shown that traditional geometric imperfection
forms used to achieve reductions in the buckling strength of shells
are not effective for metal silo structures subject to eccentric dis-
charge ﬂows of their contained granular solids. It has then de-
scribed a search for an appropriately realistic yet deleterious
imperfection form that is more appropriate for this loading case,
as well as for others involving unsymmetrical loads on stepped
wall cylindrical shells. Three potential forms of imperfection have
been proposed and explored in the search for suitably damaging
imperfections that may be used as a basis for both structural
strength and tolerance speciﬁcations.
The key ﬁndings of the study are:
1. For stepped wall cylindrical shells that buckle under unsym-
metrical loads which induce local high axial compressive stres-
ses, the linear bifurcation mode and the nonlinear pre-buckling
deformed shape, as well as weld depressions, do not lead to
imperfections that are deleterious. Advice to computational
analysts to use such imperfection forms should be amended
to address this problem.
2. The reasons why the geometrically nonlinear pre-buckling
deformed shape is not deleterious have been explored and
explained.
3. A novel imperfection form, informed by the nonlinear pre-buck-
ling deformed shape, has been proposed using the parametric
equation of the superellipse. It has generally produced reliable
reductions in buckling strength where the non-linear pre-buck-
ling shape failed to do so.
4. This superelliptical imperfection generates the geometry of the
entire three-dimensional shell explicitly, rather than superim-
posing a perturbation, and presents a signiﬁcant change from
traditional imperfection deﬁnitions. This new approach is not
restricted to either the present geometry or load case, but
may prove useful for many other shell buckling studies.
5. It has been found that the imperfection sensitivity of the struc-
ture, when subject to this load case, displays behavior that is
radically different from typical descriptions in the shell buck-
ling literature (e.g. Yamaki, 1984), with a strong sensitivity sud-
denly replaced by its removal as the imperfection amplituderises. An appreciation of this behavior is critically important
for the practical design of shell structures where tolerance mea-
surements do not necessarily detect the most serious
conditions.
6. Eccentric discharge is widely recognized as an extremely dam-
aging phenomenon for thin-walled cylindrical silos, causing
buckling at a small fraction of the concentric discharge condi-
tion. It is thought that silos under this load condition may be
much less imperfection sensitive than uniformly compressed
cylinders (Rotter, 1986), and it is suggested that computational
design analyses of silos under eccentric discharge should per-
haps be undertaken using only the perfect geometry.
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